
JULY 1963 TECHNICAL NOTES AND COMMENTS 1657

in which case \h —: ±0.5 naut mile in the qth quadrant for
low-altitude orbits.

It is interesting to note that when iQ = 0, both B and e
become zero, and hence A/& = 0, which says that, for an equa-
torial orbit, a "circular" orbit gives the minimum altitude
variation. In addition, a polar orbit gives the greatest alti-
tude variation.
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Nomenclature
AH = tank wall heated area
ARC = heated area opposite cold layer
Cp = liquid specific heat
h = liquid film heat-transfer coefficient
q = heat-transfer rate through unit area of tank wall
u = velocity of fluid in boundary layer
VH = volume of warm layer
y = distance in boundary layer measured from wall
6 = boundary-layer thickness
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Fig. 1 Analytical model

0 = temperature excess (actual temperature minus liquid-
bulk temperature)

&w = wall temperature minus liquid-bulk temperature
p = liquid density
H = liquid enthalpy per unit mass
D = tank diameter

ONE of the primary objectives of a liquid rocket pro-
pellant pressurization and feed system is to supply pro-

pellant to the engine at the required pressure and flow rate.
For a pump-fed engine, sufficient pressure is required to sup-
press cavitation in the pump. This pressure usually is
specified in terms of a minimum net positive suction head
(NPSH) value, with NPSH defined as the difference between
total pressure and vapor pressure at the pump inlet. The
rocket designer must provide the required margin between
total pressure and vapor pressure at all times during flight.
Design of cryogenic propellant systems in particular requires
detailed analysis of transient temperature distributions
within the propellant resulting from aeroheating. A variety
of test data is available which indicates a strong tendency
toward stratification; the upper propellant layers experience
a large increase in vapor pressure, and the lower layers show
little or none. The upper layers may or may not be saturated,
depending on the system operating parameters.

An analytical procedure has been developed to accomplish
quantitative analysis of the stratification phenomenon.
Development of the analysis proceeds from basic considera-
tions, and no scale-effect factors or other gross empirical
coefficients are required. Results of the analysis consist of
volume and temperature of the warm upper propellant layer
as functions of time. Correlations of predicted results with
liquid nitrogen ground-test data and liquid oxygen Titan and
Vanguard flight-test data confirm the validity and useful-
ness of the analytical model.

Analytical Model
The stratification analysis is based on integration of liquid

mass flow in the natural convection boundary layer along
the heated tank wall. The primary assumptions of the analy-
sis are that 1) the initial temperature of the liquid is uniform,
2) all the heat input to the tank wall appears as sensible heat
in the boundary layer, 3) all the flow in this boundary layer
goes into a warm upper stratum and remains there, 4) this
warm stratum is uniformly mixed, and 5) there is no mixing
between the warm stratum and the lower unheated stratum.

Consider the horizontal plane S separating the two strata,
as shown in Fig. 1. The growth of the upper stratum results
from the flow in the boundary layer that crosses S. This
flow is confined to the annular ring in S, of width d, inside
the tank wall. Applying an energy balance to that portion
of the boundary layer below S and assuming that the thermal
energy stored in the boundary layer is negligible, there results
the equation

q AHC = irD f* p[H(y) - HQ] u(y) dy (1)•/ o

Assuming constant specific heat and density, this can be
written as

/*5
= CpPirD IJ o 6(y) u(y) dy (2)
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The volumetric flow rate through S and hence the rate of in-
crease of the warm stratum volume is given by the equation

VH = irD (8 u(y}dy
v 0

(3)

Multiplying both sides of Eq. (3) by q AHC and dividing by
Eq. (2) gives the result

q Aac u(y) dy 6(y) u(y) (4)

For the propellants, heating rates, and tank sizes en-
countered in rocket design, Nor ^> 109; and the boundary
layer is, therefore, turbulent. Measurements of temperature
and velocity profiles in turbulent free-convection boundary
layers can be correlated with the equations1

u(y) = (5)

and

} (6)
Introducing these into Eq. (4) and performing the necessary
integrations leads to the result

(7)VH = (qAHc/Cpp)(4ti/OJ

Since q = h 6W} this can be written as

VH = (4.0 h AHC/CpP) (8)

This equation shows that the volume rate of growth of the
upper stratum can be determined if the inside heat-transfer
coefficient is known. This coefficient can be determined
from the known heat input rate, together with a suitable cor-
relation of heat-transfer coefficient vs heat flux. Although
the numerical constant 4.0 just obtained is strictly applicable
only for turbulent free-convection boundary layers, this
value is not very sensitive to the exact shape of the profiles.

The instantaneous volume flow rate of propellant into the
warm layer, as given by Eq. (8), must be integrated with
respect to time to determine the progress of stratification
over a finite time interval. The temperature of the warm
stratum is obtained from an energy balance:

(9)

Comparison of Analytical Results with Test Data

The validity of the analytical model is demonstrated by
comparison of predicted analytical results with experimental
results. Both ground-test and flight- test data are used for
the comparison.

The ground tests were performed with liquid nitrogen in a
full-scale second-stage Titan oxidizer tank. The tank was
equipped with a helium pressurization system that supplied
programed tank pressures, a heating chamber to provide
programed heating of the barrel portion of the tank wall,
and instrumentation to measure nitrogen temperature dis-
tribution. The controlled variables in the tests were tank
pressure, heating rate, test duration, and quantity of nitrogen
in the tank. The tank was not drained during the tests.

Analytical simulations of these test conditions were made
on a digital computer. Data input for the computer runs
duplicated as closely as possible the geometries, heating rates,
pressures, and durations experienced in the tests. The
value used for h depended on the heat-transfer mechanism.
For free convection, the equation recommended by
McAdams2

=r- = 0.13 mr
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Fig. 2 Effects of heating rate and duration

equations

and
q =

h =

The value of C was chosen to give a good fit for data from
several sources.

Figure 2 shows the comparison between analytical and
measured temperature profiles for four tests with varying
conditions of heating rate and duration. The data in each
case correspond to the end of the heating period. A AT7 of
17°R corresponds to saturation temperature at the tank
pressure of 32 psia. Figure 2 shows that the liquid in the
warm layer did not reach saturation temperature in any of
the four tests.

Figure 3 shows a similar comparison of analytical results
with Vanguard and Titan liquid-oxygen temperature meas-
urements obtained during flight tests. The comparison is
based on liquid-oxygen temperature at the pump inlet as a
function of time during the period of propellant consumption.

The comparison figures indicate that the maximum meas-
ured temperature rise in the warm layer was calculated
within roughly ±10% of the measured change for both the
ground and flight tests. In addition, effects of variation of
controlled variables in the ground tests were predicted
correctly. Considerable mixing of the warm and cold layers
is evident in contrast to the no-mixing assumption used in
the analysis; however, to the designer interested in supplying
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adequate pump NPSH, the ability to predict maximum
temperatures encountered at the pump inlet is of consider-
able value.
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Validity of Series Expansions of
Kepler's Equation

ERWIN W. PAUL*
Westinghouse Electric Corporation,

Baltimore, Md.

A solution of the Kepler equation M = E — e sinJ5
is discussed. In digital computation, very often
preference is given to a Taylor expansion progressing
in powers of the time. The complex representation
of the Kepler equation as an analytical function
shows clearly the limited interval of convergence.

THE complete solution of the problem of the motion of a
satellite in its elliptical orbit includes the solution of the

Kepler equation

M = E - e sin#

The mean anomaly, M, is essentially a time measure, and E and
e are the eccentric anomaly and the eccentricity, respectively.

The Kepler equation is transcendental in E. Therefore,
an analytical presentation of E = E(M,e) can be found only
approximately by some series expansion of E. Two ex-
pansions are common, namely:

1) The Fourier-Bessel expansion, progressing in multiples
of the variable M:

This
P.I P

The Bessel coefficients depend on the fixed value of e.
expansion is valid for 0 < e < 1 for all values of M.

2) The Taylor expansion of E, progressing in powers of the
variable e:

E = E Bf(M)e"
p = 0

The coefficients depend on the fixed value of M. This
expansion is due to Lagrange and converges for 0 < e <
0.6627 for all values of M. The details of such expansions
can be found, for example, in Refs. 1 and 2.

In digital computation, very often preference is given to
Taylor expansions progressing in powers of the time, or
equivalently, in powers of the mean anomaly. Of course,
the validity of such an expansion is likewise restricted to the
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Fig. 1 The conformal mapping of x — const and y = const

region of convergence which can best be found by means of
the theory of analytical functions. It is important to know
the radius of convergence, which is equal to the distance
from the point about which the expansion is performed to
the nearest singularity, which in the complex representation is
mapped as a critical point. In the following, the convergence
of this type of Taylor expansion of E is discussed, namely:

3) The Taylor expansion of E, progressing in powers of M :

E Cp(e)(M -

The coefficients depend on the fixed value of e. In order to
simplify the expression for the mean anomaly, M, the con-
vention is made that the satellite passes perigee at time zero.
Then the mean anomaly is M = 2ir(t/T), where T is the
period of revolution and t is the time.

Introducing the time ratio T = t/T rather than the mean
anomly M , the Kepler equation is written as

T = (l/2ir)(E - esinE)

and the series expansion of E becomes
00

E = E Dp(e)(r - TI)*

(1)

(2)

Let E = x + iy and r = u + iv be the points of the E and
r complex planes, respectively. Equation (1) then is con-
sidered as an analytic function that maps the E plane on the
r plane conformally (angle preserving). The conformality is
interrupted at the singular points of the function. Denoting

NEAREST
SINGULARITY

R(o)-

R( t /T)= v /V 0
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Fig. 2 The radius of convergence of one value of e


